A lgebra Q palifying Exam
January 12, 2007
ch plan isworth ten pots. A oore of 65 (outonO) is passng .
Each pro
characteristic 0. Prove

e s in afield F of
1‘LetAbeannxnmamxwmmmm lplx) such that

that A is nvertble if and only if there is a polynam

@ p®=20
©) p)=T.

2. LetV beavectorspaceoveraﬁe_’dl?. pProve thatV has a basis. (Do not

assum e that V is finite dim ensional.)

how that ifA and B have the sam e

3. LetA ,B beldx 3 com plex m atrices. S i
Is, then A and B are sin ilar.

characteristic and m nin alpolynom i
4. Suppose G isa group of order 20 w ith an eem ent g of order 4. C onstuct
up to isom orphism all groups w ith this property.

5. C onsider the ollow ng property, ¥t's call it Property T, for “t?tansiIiIE”:
for any pair of nonidentity elem ents x,y I a group G there is an auto-
m orphisn ¢ ofG such that ¢ x) = V-

(@) Show that there is a group of order 27 w ith property T -
(b) Show that there is only one group of order 27 w ith property T .
{c) Find allfinite groups w ith this property.

6. Suppose that G is a sin ple group with a subgroup H of ndex n. Prove
that the order of G must dividen!.

7. Recall that a ring is artinian if the descending chain condition holds on
‘Jeals. Asum e that R is a commutative artinian ring w ith unity. Prove
that every prine deal n R ismaximal.

8. Show that there exists a Galis extension K of Q , the field of mtional

num bers, whose G albis group G is cyclic of order 7. Hnt: consider
cyclotom ic extensions.)

9. Remllthatafield K isakebraically clossd ifevery polmom ialf (x) € K ]
plitsh K . LetF < E bean algebraicfield extension. P rove that if every
polynom &81f %) € F k]slits n E , then E is algebraically clos=d.
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