ANALYSIS QUALIFYING EXAM

JANUARY 7, 2000 1:00-5:00 P.M.

Section A Answer 10 of the 12.

Al. Give an example of each of the following or state that no such example
exists.

(a) A countably infinite set with an uncountable number of cluster
points.

(b) A countably infinite set with one cluster point.

(¢) A countably infinite set with no cluster points.

(d) A sequence of continuous functions whose limit is not continuous.

A2.

(a) Define compact and sequentially compact.

(b)  Prove that a compact set is sequentially compact.

A3. For each of the functions below, determine if the limit as (z,y) — (0,0)
exists. Defend your claim.

(a)
sinzsiny
fz,y) = e
(b)
5y
flz,y) = s
(c)
I'4 i yz
o=y 7
A4, Find all local extrema of the function f(z,y) =sinx + cosy.

AS5. Evaluate the integral

2 4—z2
f / sin (x2 + yi) dydzr
o Jo
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AS5.

(a) Let f be an extended real-valued function on R such that
{z: f(z) > r} is measurable for all rational r. Must f be mea-
surable? Prove your answer.

(b)  Let f be a measurable function and E be a Borel set. Must f~! [E]
be measurable?

A6.

(a) Let m" be the (Lebesgue) outer measure. Construct, if possible,
a sequence {En} of disjoint (not necessarily measurable) sets such
that m”* (U En) < Z m* (E,).

n=1 n=1

(b) Construct a sequence {F,} of (not necessarily measurable) sets

such that Frny1 € Fn, m*F, < coforall n, and m* (ﬂ Fn) < lim m*F,.
Bl n—oco
AT.

(a) Let f and g be integrable functions on [0, 1] such that f > g a.e.
Suppose that f; F= fol g. Must it follow that f = g a.e.? Prove
your answer.

(b) Let f be an integrable function on R. For each n = 1,2,..., let
fn be defined by

f(z), ifz€[-n,n]and |f(z)| <
fa(z) = -
0, otherwise.
Does fm |f — ful = 0 as n = co? Prove your answer.
A8, Give an example, if possible, of each of the following. Prove your answers.

(a) A non-zero bounded linear functional on LP[0, 1].

(b}  An unbounded sequence {f»} in L?[0,1],1 < p < oo, such that
|| fn — fllp — O for some f € LP[0,1] but f = f a.e.

(c) A function in LP[0,c0),1 < p < oo, that is not bounded and
nonzero everywhere.



A9.

Al0.

All.

A2,
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(a)  Use the definition of a complex integral to evaluate i 2dz if C
is the curve from i to 2z on the right side.

2 1+ 2¢
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(b) Istheintegral in part (a) independent of the path? If so, calculate
it in another way than you did in part (a). Justify your answers.

Prove that if f(z) is an entire function and M (p) = max{|f(z)|: |z| = s},
is such that M(p) < Lp*, then f(z) is a polynomial of degree at most k.

Let f be entire and suppose that Re f(z) < Im f(z) for all z € C Prove
that f is constant.

(a) State Rouche’s Theorem.

(b)  Let p(z) = 2° + 62° + 2z + 10. Show that all five zeros of p(z) lie
in the set {z: 1 < |z| < 3}.
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Section B Select one of the 2 parts.

Part I  Answer 2 of the 3.

Let 4 << m, where m is Lebesgue measure on R. Define F(z) = u(—oo0, z].
Show that F' is absolutely continuous.

Let (Q1, Z1, 1) and (€22, T2, p2) be finite measure spaces. Discuss the devel-
opment of a product measure p; x p2 on £; x &7 and state Fubini’s theorem.

Let (X, M) be a measure space, and let u,r be two positive measures on
M such that u(X) + v (X) < co. Assume p << v and let g be the Radon-
Nikodym derivative of u with respect to . Show that LP(v) C L!(u) if and
only if g € LU(v), % + % =l

Part II Answer 2 of the 3.

Suppose (un(z)) is a sequence of harmonic functions that converges uni-
formly on all compact subsets of a domain D to a function u(z). Then prove
that u(z) is harmonic throughout D.

Given a set of real numbers 0 < 6; < 8, < .- < 0, < 2r, construct a
function f(z) satisfying

1. f(z)is analytic in |z| < 1 and

2. The only singular points of f(z) on the unit circle are at e'%1,e%2, ... e
Prove these assertions for your choice of f(z).

ify

Prove Weierstrass’ Theorem: Given any complex sequence having no finite
limit point, there exists an entire function that has zeros at these points and
only these points.
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